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a b s t r a c t
In this paper, we obtain some sufficient conditions for the oscillation of all solutions of the
second order half-linear difference equation
∆(rn|∆xn|α−2∆xn)+ pn|xn+1|α−2xn+1 = 0, n = 0.1, 2, . . . ,
where∆xn = xn+1−xn is the forward difference operator, {rn} is a sequence of positive real
numbers, {pn} is a sequence of nonnegative real numbers and α > 1. One open problem in
Remark 3 of Rehak (2000) [1] is solved.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
In the past several years the oscillation and nonoscillation problem for second order linear (half-linear) difference
equations has received increasing attention (see [1–9]). Consider the second order half-linear difference equation
∆(rn|1xn|α−21xn)+ pn|xn+1|α−2xn+1 = 0, n = 0.1, 2, . . . , (1)
where∆ is the forward difference operator1xn = xn+1 − xn, {rn} is a sequence of positive real numbers, {pn} is a sequence
of nonnegative real numbers and α > 1.
For the sake of convenience, the following notation will be used
Pk =
k−
pj, P∗k =
∞−
j=k
pj, Rk =
k−
r1−βj =
k− 1
r
1
α−1
j
,
R∗k =
∞−
k
r1−βj =
∞−
k
1
r
1
α−1
j
, Bk = R−1k−1
k−1
(Rαj−1pj),
g(λ) =
 ∞−
k=n
1
r
1
α−1
k
α−1−λ ∞−
j=n
 j−1
s=n0
1
r
1
α−1
s
λ pj for λ < α − 1,
g(λ) =
n−1 1
r
1
α−1
k
α−1−λ n−1  j−1
s=n0
1
r
1
α−1
s
λ pj for λ > α − 1,
g∗(λ) = lim inf
n→∞ g(λ), g
∗(λ) = lim sup
n→∞
g(λ).
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β is the conjugate number of α, i.e., 1/α + 1/β = 1.
We shall let l be the least root of the equation
x1+
1
α−1 − x+ g∗(0) = 0
and L be the greatest root of the equation
(α − 1)x1+ 1α−1 − (α − 1)x+ g∗(α) = 0.
In [1], the author gives the following conjectures and one open problem.
Conjecture A. Suppose that
R∞ = ∞ (2)
and
lim
k→∞
k−
pj is convergent. (3)
If
lim inf
k→∞ R
α−1
k P
∗
k >
1
α

α − 1
α
α−1
, (4)
then every solution of Eq. (1) is oscillatory.
Conjecture B. Suppose that
∑∞ r1−βj <∞ and
lim
n→∞
r1−βn
Rn−1
= 0. (5)
If
lim inf
k→∞ Bk >

α − 1
α
α
, (6)
then every solution of Eq. (1) is oscillatory.
Open Problem C. Under the conditions of Conjecture A, what are the additional conditions guaranteeing oscillation of (1)
if (4) does not hold?
In [2], Conjectures A and B are proved; our purpose in this paper is to present conditions guaranteeing oscillation of (1)
if (4) or (6) does not hold.
A solution {xn} of Eq. (1) is said to be oscillatory if the terms xn of the sequence {xn} are not eventually positive or
eventually negative. Otherwise, the solution is called nonoscillatory.
2. Some lemmas
Lemma 1. Assume that α > 1, 0 ≤ λ < α − 1. Then for any x ≥ 0
x1Rλk−1 −
(α − 1)Rλk−1x1+
1
α−1
r
1
α−1
k
≤

λ
α
α 1
α − λ− 1 [R
λ−α+1
k−1 − Rλ−α+1k ] (Rk−1/Rk)λ−α for λ < 1,
x1Rλk−1 −
(α − 1)Rλk−1x1+
1
α−1
r
1
α−1
k
≤

λ
α
α 1
α − λ− 1 [R
λ−α+1
k−1 − Rλ−α+1k ] (Rk/Rk−1)λ(α−1) for λ > 1.
Proof. Let
f (x) = x1Rλk−1 −
(α − 1)Rλk−1x1+
1
α−1
r
1
α−1
k
.
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It is easy to see that f (x) has a maximum in [0,+∞) at x0 =

1Rλk−1r
1
α−1
k
αRλk−1
α−1
. Thus
f (x) ≤ f (x0) =

1Rλk−1
α rk
ααR(α−1)λk−1
.
For λ < 1, by the mean value theorem, there exists ξ, η ∈ (Rk−1, Rk) such that
1Rλk−1
α rk
ααR(α−1)λk−1
= λ
αξα(λ−1)
ααR(α−1)λk−1
1
r
1
α−1
k
≤

λ
α
α
Rλ−αk−1
1
r
1
α−1
k
(7)
Rλ−α+1k−1 − Rλ−α+1k = (α − λ− 1)ηλ−α
1
r
1
α−1
k
≥ (α − λ− 1)Rλ−αk
1
r
1
α−1
k
. (8)
Thus,
x1Rλk−1 −
(α − 1)Rλk−1x1+
1
α−1
r
1
α−1
k
≤

λ
α
α 1
α − λ− 1 [R
λ−α+1
k−1 − Rλ−α+1k ] (Rk−1/Rk)λ−α .
For λ > 1, by above discussion, we have
1Rλk−1
α rk
ααR(α−1)λk−1
= λ
αξα(λ−1)
ααR(α−1)λk−1
1
r
1
α−1
k
≤

λ
α
α
Rλ−αk−1
1
r
1
α−1
k
(Rk/Rk−1)α(λ−1)
≤

λ
α
α 1
α − λ− 1 [R
λ−α+1
k−1 − Rλ−α+1k ] (Rk/Rk−1)α(λ−1) (Rk−1/Rk)λ−α
=

λ
α
α 1
α − λ− 1 [R
λ−α+1
k−1 − Rλ−α+1k ] (Rk/Rk−1)λ(α−1) .
The proof of Lemma 1 is complete. 
Lemma 2. The equation
x1+
1
α−1 − x+ g∗(0) = 0
have real roots if and only if g∗(0) ≤ (α−1)(α−1)(α)α ; the equation
(α − 1)x1+ 1α−1 − (α − 1)x+ g∗(α) = 0
have real roots if and only if g∗(α) ≤

α−1
α
α
.
Lemma 3 ([2]). Assume that R∞ = ∞ and {xn} is a nonoscillatory solution of Eq. (1) such that xn > 0 for n ≥ n0. Let
wn =

rn1xn
xn
α−1
. Then
1wn + (α − 1)w
1+ 1
α−1
n+1
r
1
α−1
n
+ pn ≤ 0, n ≥ n0, (9)
wn
 n−1
k=n0
1
r
1
α−1
k
α−1 < 1, n ≥ n0. (10)
Furthermore, if (5) holds, then
g∗(0) ≤ r − r1+ 1α−1 , g∗(α) ≤ (α − 1)R− (α − 1)R1+ 1α−1 , (11)
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where
r = lim inf
n→∞ wn
 n−1
k=n0
1
r
1
α−1
k
α−1 , R = lim sup
n→∞
wn
 n−1
k=n0
1
r
1
α−1
k
α−1 . (12)
Lemma 4. Assume that (2) and (5) hold. Then
lim
n→∞ R
α−1−λ
n−1
∞−
k=n
wk+11Rλ−1k−1
1
r
1
α−1
k
= 0.
Proof. We define
r(t) = Rk−1 + [t − (k− 1)]1Rk−1, k− 1 ≤ t ≤ k.
Then
r ′(t) = 1Rk−1 = 1
r
1
α−1
k
, Rk−1 ≤ r(t) ≤ Rk, k− 1 ≤ t ≤ k.
By (5), for any ϵ > 0 there exists n1 > n0 such that
Rn−1
Rn
α−1
> 1− ϵ for n > n1,
and 
Rn
Rn−1
α−λ
< 1+ ϵ for n > n1.
Thus, by (10) we get
Rα−1−λn−1
∞−
k=n
wk+11Rλ−1k−1
1
r
1
α−1
k
< Rα−1−λn−1
∞−
k=n
1
Rα−1k
1Rλ−1k−1
1
r
1
α−1
k
= Rα−1−λn−1
∞−
k=n
[Rλ−αk − Rλ−αk−1 (Rk−1/Rk)α−1]
1
r
1
α−1
k
< Rα−1−λn−1
∞−
k=n
Rλ−αk−1 [1− (Rk−1/Rk)α−1]
1
r
1
α−1
k
< ϵRα−1−λn−1
∞−
k=n
Rλ−αk−1
1
r
1
α−1
k
= ϵRα−1−λn−1
∞−
k=n
Rλ−αk (Rk/Rk−1)
α−λ 1
r
1
α−1
k
< ϵ(1+ ϵ)α−λRα−1−λn−1
∞−
k=n+1
∫ k
k−1
r(t)λ−αr ′(t)dt
= ϵ(1+ ϵ)
α−λ
λ− α + 1 R
α−1−λ
n−1
∞−
k=n+1
[rλ−α+1k − rλ−α+1k−1 ]
= ϵ(1+ ϵ)
α−λ
λ− α + 1 R
α−1−λ
n−1
∞−
k=n+1
[Rλ−α+1k − Rλ−α+1k−1 ]
= ϵ(1+ ϵ)
α−λ
α − λ− 1 R
α−1−λ
n−1 R
λ−α+1
n
= ϵ(1+ ϵ)
α−λ
α − λ− 1 (Rn/Rn−1)
λ−α+1
<
ϵ(1+ ϵ)α−λ
α − λ− 1 → 0. 
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3. Main results
Theorem 1. Suppose that (2) and (5) hold. Let g∗(0) ≤ 1α

α−1
α
α−1
and g∗(α) ≤

α−1
α
α
. Assume further that there exists
λ ∈ [0, α − 1) such that
g∗(0) >

λ
α
α−1
−

λ
α
α
, (13)
and
g∗(λ) >
α − 1
α − 1− λg∗(0)+ L− l. (14)
Then every solution of Eq. (1) oscillates.
Proof. Assume the contrary. Let {xn} be a nonoscillatory solution of Eq. (1) such that xn−1 > 0 for n ≥ n0. By Lemma 3, we
have
1wn + (α − 1)w
1+ 1
α−1
n+1
r
1
α−1
n
+ pn ≤ 0, n ≥ n0, (15)
and
g∗(0) ≤ r − r1+ 1α−1 and g∗(α) ≤ (α − 1)R− (α − 1)R1+ 1α−1 (16)
where
r = lim inf
n→∞ wn
 n−1
k=n0
1
r
1
α−1
k
α−1 , R = lim sup
n→∞
wn
 n−1
k=n0
1
r
1
α−1
k
α−1 .
(16) implies that
r ≥ l and R ≤ L. (17)
In view of the definition of l and (13), we have
l >

λ
α
α−1
.
For any 0 < ϵ < l−  λ
α
α−1 there exists n1 > n0 such that
λ
α
α−1
< l− ϵ < Rα−1n wn+1 < Rαn−1wn < L+ ϵ for n > n1. (18)
Multiplying (9) by Rλn−1, summing it from n to∞, by (5) and (10), we have
∞−
k=n
Rλk−1pk ≤ −
∞−
k=n
Rλk−11wk − (α − 1)
∞−
k=n
Rλk−1
w
1+ 1
α−1
k+1
r
1
α−1
k
= Rλn−1wn +
∞−
k=n
wk+11Rλk−1 − (α − 1)
∞−
k=n
Rλk−1
w
1+ 1
α−1
k+1
r
1
α−1
k
≤ Rλn−1wn + λ
∞−
k=n
wk+1Rλ−1k
1
r
1
α−1
k
− (α − 1)
∞−
k=n
Rλk−1
w
1+ 1
α−1
k+1
r
1
α−1
k
= Rλn−1wn + λ
∞−
k=n
wk+11Rλ−1k−1
1
r
1
α−1
k
+ λ
∞−
k=n
wk+1Rλ−1k−1
1
r
1
α−1
k
− (α − 1)
∞−
k=n
Rλk−1
w
1+ 1
α−1
k+1
r
1
α−1
k
= Rλn−1wn + λ
∞−
k=n
wk+11Rλ−1k−1
1
r
1
α−1
k
+
∞−
k=n
1
r
1
α−1
k
Rλ−αk−1
[
λRα−1k−1wk+1 − (α − 1)

Rα−1k−1wk+1
1+ 1
α−1
]
. (19)
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Thus, we have
Rα−1−λn−1
∞−
k=n
Rλk−1pk ≤ Rα−1n−1wn + λRα−1−λn−1
∞−
k=n
wk+11Rλ−1k−1
1
r
1
α−1
k
+ Rα−1−λn−1
∞−
k=n
1
r
1
α−1
k
Rλ−αk−1
[
λRα−1k−1wk+1 − (α − 1)

Rα−1k−1wk+1
1+ 1
α−1
]
. (20)
By Lemma 4, we have
lim
n→∞ R
α−1−λ
n−1
∞−
k=n
wk+11Rλ−1k−1
1
r
1
α−1
k
= 0.
Noting the function f (x) = λx− (α − 1)x1+ 1α−1 is decreasing in

λ
α
α−1
, ∞

, from (18) and (20), we obtain
Rα−1−λn−1
∞−
k=n
Rλk−1pk < L+ 2ϵ +

λ(l− ϵ)− (α − 1)(l− ϵ)1+ 1α−1

Rα−1−λn−1
∫ ∞
Rn−1
tλ−αdt
< L+ 2ϵ + λ(l− ϵ)− (α − 1)(l− ϵ)
1+ 1
α−1
α − 1− λ , n > n1.
Thus,
g∗(λ) ≤ L+ λl
α − 1− λ −
α − 1
α − 1− λ l
1+ 1
α−1
= L+ λl
α − 1− λ −
α − 1
α − 1− λ(l− g∗(0))
= α − 1
α − 1− λg∗(0)+ L− l
which contradicts (14). The proof is complete. 
Corollary 1. Suppose that (2) and (5) hold. Let 0 < g∗(0) ≤ 1α

α−1
α
α−1
and g∗(α) ≤

α−1
α
α
, and assume further that
g∗(0) > g∗(0)+ L− l.
Then every solution of Eq. (1) oscillates.
Theorem 2. Suppose that (2) and (5) hold. Let g∗(α) ≤

α−1
α
α
and assume further that there exists λ ∈ [0, α − 1) such that
g∗(λ) >
1
α − 1− λ

λ
α
α
+ L. (21)
Then every solution of Eq. (1) oscillates.
Proof. Assume the contrary. Let {xn} be a nonoscillatory solution of Eq. (1) such that xn−1 > 0 for n ≥ n0. By Lemma 3, we
have
1wn + (α − 1)w
1+ 1
α−1
n+1
r
1
α−1
n
+ pn ≤ 0, n ≥ n0, (22)
and
g∗(α) ≤ (α − 1)R− (α − 1)R1+ 1α−1 (23)
where
R = lim sup
n→∞
wn
 n−1
k=n0
1
r
1
α−1
k
α−1 .
(23) implies that
R ≤ L. (24)
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For any ϵ > 0 there exists n1 > n0 such that
Rα−1n−1wn < L+ ϵ for n > n1. (25)
Multiplying (22) by Rλn−1, summing it from n to∞, we have
∞−
k=n
Rλk−1pk ≤ −
∞−
k=n
Rλk−11wk − (α − 1)
∞−
k=n
Rλk−1
w
1+ 1
α−1
k+1
r
1
α−1
k
= Rλn−1wn +
∞−
k=n
wk+11Rλk−1 − (α − 1)
∞−
k=n
Rλk−1
w
1+ 1
α−1
k+1
r
1
α−1
k
= Rλn−1wn +
∞−
k=n
wk+11Rλk−1 − (α − 1)Rλk−1w1+
1
α−1
k+1
r
1
α−1
k
 .
So, we have
Rα−1−λn−1
∞−
k=n
Rλk−1pk ≤ Rα−1n−1wn + Rα−1−λn−1
∞−
k=n
wk+11Rλk−1 − (α − 1)Rλk−1w1+
1
α−1
k+1
r
1
α−1
k
 .
Thus, from (2) and (5) and using Lemma 1, we have
g∗(λ) ≤ 1
α − 1− λ

λ
α
α
+ L (26)
which contradicts (21). The proof is complete. 
Corollary 2. Assume that
g∗(α) ≤

α − 1
α
α
and g∗(0) > L.
Then every solution of Eq. (1) oscillates.
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